In this paper we reconstruct nontrivial connected Cartesian product graphs from single vertex deleted subgraphs. We show that all one-vertex extensions of a given connected graph H, nite or in nite, to a nontrivial Cartesian product are isomorphic.
Introduction
In 7] S. M. Ulam asked the question whether a graph G is uniquely determined up to isomorphism by its deck, which is the set of all graphs G n x obtained from G by deleting a vertex x and all edges incident to it. While the conjecture is false for in nite graphs it still is open for nite graphs. When reconstructing a class of graphs, the problem of reconstruction partitions naturally into two subproblems, namely recognition: showing that membership in the class is determined by the deck and weak reconstruction: showing that no two nonisomorphic members of the class have the same deck. Many partial results have been found. For example, D or er 2] proved the validity of Ulam's conjecture for nite nontrivial Cartesian product graphs, i.e. graphs which are the Cartesian product of at least two nontrivial factors. In this paper we extend the work of D or er 2] by showing that both the recognition and the weak reconstruction problem can be solved from a single vertex{deleted subgraph for nontrivial, connected Cartesian product graphs.
We consider extensions of nite and in nite connected graphs to Cartesian products. In most cases, it will not be possible to extend a given connected graph H to a nontrivial Cartesian product. However, if such extensions exist, they are all isomorphic (Theorem 1). In fact, unless H has a special structure, there is exactly one such extension.
De nitions
All graphs considered in this paper are nite or in nite undirected graphs without loops or multiple edges. If G is a graph, we shall write V (G) or V for its vertex set and E(G) or E for its edge set. E(G) shall be considered as a set of unordered pairs fx; yg of distinct vertices of G. Considering G as V (G) E(G), we shall often write x 2 G for x 2 V (G) and e 2 G for e 2 E(G).
Let G , 2 I, be a set of graphs. Then the Cartesian product G = 2 2I G is de ned as follows: (i) V (G) is the Cartesian product of the vertex sets of the factors. In other words, V (G) is the set of functions x : 7 ! x 2 V (G ) of I into
(ii) E(G) consists of all unordered pairs fx; yg of distinct vertices of G for which there exists a 2 I such that fx ; y g 2 E(G ) and x = y for 2 I n f g. For two factors G, H we obtain the usual Cartesian product G2H. It is commutative and associative in an obvious way, having the trivial graph as a unit.
Common examples of Cartesian products are squares, the skeletons of cubes and n{cubes, prisms (Cartesian products of n{gons by an edge) or the square lattice as the product of two in nite paths.
The product of nitely many graphs is connected if and only if every factor is. However, a product of in nitely many nontrivial graphs must be disconnected because it contains vertices di ering in in nitely many coordinates. No two such vertices can be connected by a path of nite length, because every edge connects vertices di ering in exactly one coordinate.
This gives rise to the notion of the so-called weak Cartesian product: The complete graph on n vertices is denoted by K n , the path of length n (with n edges) by P n and the cycle on n vertices by C n .
We shall also need the concept of star graphs S a . They are de ned as follows: The vertex set of S a consists of a central vertex c 0 of degree a and of a vertices c 1 ; c 2 ; . . .; c a adjacent to a.
G n x denotes the subgraph of G induced by the vertex set V (G) n fxg and ' denotes graph isomorphism, i.e. G 1 ' G 2 means that G 1 and G 2 are isomorphic.
Uniqueness of Reconstruction
Let G be a nite or in nite connected Cartesian product graph and let x be any vertex of G. We shall prove that, given the graph G n x, it is possible to reconstruct G uniquely up to isomorphism.
Theorem 1 Let G 1 and G 2 be nite or in nite connected Cartesian product graphs. If the one vertex deleted subgraphs G 1 n x and G 2 n y, where x 2 G 1 and y 2 G 2 , are isomorphic, then G 1 ' G 2 .
In other words, if H is an arbitrary nite or in nite connected graph and if G 1 = H x E x and G 2 = H y E y are one{vertex extensions of H, such that E x = ffx; zg j fx; zg 2 E(G 1 )g and E y = ffy; zg j fy; zg 2 E(G 2 )g, then G 1 and G 2 are isomorphic, provided they are Cartesian product graphs.
Note that G nx is connected if G is a connected Cartesian product graph.
We say the extension is unique, if x and y have the same neighbors in H.
More formally, let N (x) = fz j fz; xg 2 E x g and N (y) = fz j fz; yg 2 E y g be the neighborhoods of the new vertices x and y, respectively. Then the extension is unique, if N (x) = N (y).
For the proof we shall consider two cases. In the rst H contains no product square of G 1 or G 2 . We shall see that this is only possible if G 1 (and G 2 ) is a product of two stars. Then the extension is unique unless H = C 8 (and G 1 ' G 2 ' S 2 2S 2 ). From the assumption that H has no product square, it will also follow that there is no square in H. Thus, if there exist squares in H, at least one of them must be a product square. This will be the second case. In this case the reconstruction is unique if G has more than two (nontrivial) factors or no K 2 factor. If G = K 2 2P, where P is a prime graph, then the reconstruction need not be unique. In this section we assume there is a product square in Gnx. We prove that this implies that the reconstruction is unique up to isomorphism and characterize the graphs for which several isomorphic reconstructions are possible.
Let S be the set of convex subgraphs of Gnx which are Cartesian product graphs. S is nonempty since the product square that exists by assumption is convex. The set S is partially ordered by inclusion. Below we shall characterize the elements of S and all maximal elements of S. Proposition 2 Let G = 2 x 2I G be a prime factor decomposition of the nite or in nite connected graph G with respect to the (weak) Cartesian product. By de nition of the edges of the square fd; e; g; f g are all in the class E 1 . Since the edges fb; f g and ff; gg are in distinct H equivalence classes, there must be a second common neighbor of b and g in H and thus G. In G, the unique second common neighbor of these two vertices is x, hence there can be no second common neighbor of b and g in H, since H is a subgraph of G n x.
From this contradiction we conclude that H must be prime if x 2 H 1 2H 2 .
2
Remark The convexity of Cartesian product subgraphs is essential for Lemma 1. There are examples of nonconvex Cartesian product subgraphs for which the lemma does not hold. For the smallest example we know see Fig.1 . Surprisingly, there even are examples where such a nonconvex Carte-sian product has more vertices than any convex Cartesian product subgraph (see Fig.2 ).
For H = G nx the lemma proves G nx is prime if G is a Cartesian product graph. Clearly, G n x is a convex subgraph of itself, the projections of G n x are G 1 and G 2 , and G n x 6 = G. Hence, G n x must be prime. We formulate this as a proposition before continuing with the proof of Proposition 2.
Proposition 3 Let G be a Cartesian product graph and x 2 G. Then G n x is prime. Proof of Proposition 2 Knowing that the elements of S must be of the form H = 2 2I H , where H G and x 6 2 H for some index , it is easy to characterize the maximal elements with respect to set inclusion. Now consider subgraphs of G n x containing H and convex in G . Let B be a maximal such graph. Since H = 2 2I H 2 S, B2(2 2I; 6 = G ) is also in S and is clearly maximal. 2 Lemma 3 Any maximal convex Cartesian product subgraph of G n x can be uniquely extended to a maximal connected Cartesian product subgraph G of G n x. It is of the form C2(2 2I; 6 = G ), where C is a connected component of G n x .
Proof Let H be a maximal convex Cartesian product subgraph of G n x.
By Proposition 2, H = B2(2 2I; 6 = G ), where B is a maximal subgraph of Figure 1 : Example of a nonconvex Cartesian product subgraph.
G nx which is convex in G . Let C be the connected component of G nx containing B. Clearly, B2(2 2I; 6 = G ) C2(2 2I; 6 = G ). 2
A construction of G from B2(2 2I; 6 = G ) is not di cult. Note that any vertex v of distance 1 from B2(2 2I; 6 = G ) can only be connected to B2(2 2I; 6 = G ) by an G -edge. In G, this gives rise (by repeated application of the square property) to a copy of 2 2I; 6 = G , namely fv g2(2 2I; 6 = G ). In G n x, there are two possible cases. If x = v then fv g2(2 2I; 6 = G ) is not completely in G n x. However, this is not possible because G would not be prime by Proposition 3. Otherwise, (if x 6 = v ) the whole copy fv g2(2 2I; 6 = G ) is in G n x. We can extend the graph B2(2 2I; 6 = G ) as follows. Take a vertex of distance 1. Using the square property, add new vertices. If the resulting graph is not prime, let B = B fv g, otherwise reject the new vertices. Correctness of this decision follows from Proposition 3(The implementation of the construction may label rejected edges so that each edge is considered at most once by the algorithm.)
Note that any connected component of G 1 n x 1 must contain at least one neighbor of x 1 .
The next step in the proof of the uniqueness of the reconstruction is the following:
Lemma 4 Let G = G 1 2G 2 be any factorization of G and let C be a connected component of G 1 n x 1 . Let G = C2G 2 . Then the set of vertices of Let G be a Cartesian product graph with prime factor decomposition G = 2 2I P . Then a subgraph G of Lemma 3 will be referred to in the sequel as a canonical maximal product subgraph of G n x. It is important to note that it can be constructed solely from the knowledge of G n x by rst choosing a maximal convex product subgraph of G n x and then extending it to a maximal connected product subgraph of G n x. By Lemma 3 such a canonical maximal product subgraph is of the form C2G 2 , where C is a connected component of G n x for some 2 I and G 2 = 2 2In P .
Noting that C need not be prime we observe that the prime factor decomposition of G contains all prime factors of G except one and that the product of the other prime factors of G is C, i.e. a subgraph of the missing prime factor of G. Our problem reduces to correctly sorting out the prime factors of G and to extend C.
We distinguish two cases:
There is a canonical maximal Cartesian product subgraph G = C2G 2 in G n x such that G 2 has more than 2 vertices.
In this case the number of vertices of distance 1 from G is at least 2.
Any canonical maximal Cartesian product subgraph in G n x is of the form G = C2K 2 .
In this case there is only one vertex of distance 1 from G in G n x. Lemma 5 Assume there is a canonical maximal Cartesian product subgraph G in G n x such that the number of vertices of distance 1 from G is at least 2. Then the reconstruction of G is unique.
Proof Let G = 2 2I P be the prime factor decomposition (PFD) of G. We know that G is of the form H 2(2 6 = P ) where H is a connected component of P n x .
Set G 1 = P , C = H and G 2 = 2 6 = P . Then G = G 1 2G 2 and G = C2G 2 . We shall thus write x = (x 1 ; x 2 ), where x 1 = p G 1 (x) and x 2 = p G 2 (x).
Clearly x 1 = x . By Lemma 4 (fx 1 g2G 2 ) n x is the set of neighbors of G in G n x and hence known. The extension is determined by the set of vertices N (x), i.e. the vertices in G which have to be connected to the new vertex x. We have to show that N (x) is uniquely determined. In order to do this we should keep in mind that C = H need not be prime. Thus, let H = 2 2M Q be the PFD of H . Since the P are all prime we thus obtain the PFD (2 2M Q )2(2 2I; 6 = P ) of G . The coloring of the edges of G with respect to this decomposition is thus a re nement of the coloring induced by the PFD of G = 2 2I P . Of course, this latter coloring is yet unknown to us.
Since there are at least two sets of neighbors, say N (u) and N (v), and since the graph C2G 2 is connected, the shortest paths from N (u) to N (v) (in general, between vertices of di erent neighborhood sets N (w); w 2 fx 1 g2G 2 ) are exactly of the colors with which the G 2 -layers in C2G 2 are colored. If G 2 is not prime, then there is more than one 'G 2 {color' in the prime factor decomposition of the maximal convex Cartesian product decomposition of C2G 2 , but clearly none of these colors can appear in any of the sugraphs induced by the N (v)'s. The G 2 {colors determine the only possible subset N (x) needed as follows: N (x) is the set of vertices in C2G 2 , which are connected to some N (v) by G 2 {colored edges.
At this stage of the proof we have thus concretely determined G 2 and all P ; 6 = , as well as C and N . Thus we also know how x is connected with G . We still have to determine P . If P n fx 1 g has only one connected component, then we must already have (fx 1 Cg2G 2 ) n x ' G and P is the constructed graph fx 1 g C. Otherwise, there must be another connected component C 2 of P nfx 1 g giving rise to another maximal Cartesian product graph G 2 of G n x, disjoint from G . By the same reasoning as above we can determine C 2 as well as all other connected components of P n fx 1 g and hence P . 2
Lemma 6 Assume there is a canonical maximal Cartesian product subgraph G in G nx such that the number of vertices of distance 1 from G is 1. Then all the possible reconstructions are isomorphic.
Proof Now there is only one vertex v of distance one from G = C2G 2 in G n x. Let G = 2H i be the prime factoring of G . There is at least one K 2 factor in G , but there may be more. Now we can take any K 2 factor of G , such that the projection of the neighborhood N (v) on that K 2 factor has only one vertex. Call such a factor free. If there are more such K 2 factors in G they de ne di erent sets of neighbors of the vertex x in G . (Note that now there is no shortest path between di erent neighbor sets N (v) and thus no color, i.e direction in C2G 2 , determined by fx 1 g2G 2 nx.) But in all cases the resulting graph is isomorphic to K 2 2(C x).
More formally, G can be written as a product K R-layer through v, is the induced subgraph of G spanned by those vertices which di er from v only in the R-coordinate. Then the vertex x can be connected to G in s di erent, but isomorphic ways. An example is given in Fig. 3 .
If there are more connected components of G 1 n x 1 , then for each connected component D the reconstruction is essentially as before. Again we have a subgraph D2K 2 , and a set of neighbors N (v) of v in D2K 2 . Depending on the number of free K 2 factors, there may be more isomorphic ways of connecting the vertex x to the subgraph D2K 2 . 2
